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systematic code to g-ary systematic code. One simply needs to change
B = (C"I,) into B = (—CT 1) and generalize Definition 4.1 to the
following Definition 4.2, and then Theorems 4.1, 4.2, and 4.3 are also
hold.

Definition 4.2: If the stabilizer and normalizer matrices of Q@ =
([, k,d]]q are & = (I(,,—1)C'| (I(,—)C)S) and

N(S) = <Of g)

respectively, where S is symmetric and B = (—C*I}), then Q is
called a systematic quantum code, and its stabilizer matrix & and nor-
malizer matrix N (&) are called in standard form.

Remark 4.2: In [10], Tonchev proved that the subspaces generated
by matrices of the form (I, | S) are maximum totally isotropic sub-
spaces, where S is the adjacency matrix of an undirected graph. He
also pointed out that the number of trace self-dual additive codes with
generator matrix ¢(I,, | S) is much smaller than the total number of
trace self-dual additive codes. Our Theorem 4.3 shows that it suffices
to study trace self-dual additive codes with generator matrix ¢ (I, | S)
for dealing with trace self-dual additive codes.
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On The Classification of Binary Optimal
Self-Orthogonal Codes

Ruihu Li, Zongben Xu, and Xuejun Zhao

Abstract—The classification of binary [n, k, d] codes with d > s2*—! and
without zero coordinates is reduced to the classification of binary [(2* —
De(k, s,t) + t,k,d] code for n = (2* — 1)s +t,s > land1 < t <
2k — 2, where c(k, s,t) < min{s,t} is a function of &, s, and ¢. Binary
[15s + t, 4] optimal self-orthogonal codes are characterized by systems of
linear equations. Based on these two results, the complete classification of
[15s + t, 4] optimal self-orthogonal codes for ¢t € {1,2,6,7,8,9,13,14}
and s > 1 is obtained, and the generator matrices and weight polynomials
of these 4-dimensional optimal self-orthogonal codes are also given.

Index Terms—Binary linear code, self-orthogonal code, optimal code.

[. INTRODUCTION

Since the pioneer work of Pless in [6], people paid much attention
on self-dual codes—a subclass of self-orthogonal codes (SO codes, for
short), and a vast number of papers have been devoted to the study of
self-dual codes, as shown in the excellent survey of [7] and [4] for an
overview of these results and the references therein.

But, very little has previously been known about the minimum dis-
tance and number of general [n, k] SO codes of rate less than %, except
the binary [2k + 1, k] SO codes for k < 9 in [6].

Recently, people begin to study general optimal [r, k] SO codes of
rate less than % and use these optimal [n, k] SO codes to study self-dual
codes, see [1]. In [2] Bouykliev et al. studied the classification of op-
timal SO codes of length < 29 and dimension less than 7 over F3
and Fj. In [3] Bouykliev et al. studied the classification of binary op-
timal SO codes of length < 40 and dimension less than 10, and gave
complete classification of three-dimensional (3-D) optimal SO codes.
However, their classification are based on two algorithms and no uni-
fied proofs for dimension greater than 4, and most of the generator ma-
trices of their optimal SO codes of length > 25 and dimension greater
than 6 are not given.

In this correspondence, we discuss the classification of k-dimen-
sional binary optimal SO codes. This correspondence is arranged as
follows. First, we give some notations and make some preparation in
this section. In Section II, we give the proof of our main result. In
Section III, we give the relations of binary SO codes and some systems
of linear equations, and explain how to determine the [15s + ¢, 4] op-
timal SO codes. In Section IV, we give the classification of [15s + ¢, 4]
optimal SO codes for ¢t € {1,2,6,7,8,9,13,14} and s > 1.
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Let F3' be the n-dimensional row vector space over the binary field
F. A binary linear [n, k] code C is a k-dimensional subspace of F3'.
The weight w(x) of # €C is the number of its nonzero coordinates. A
code C is called even if the weights of  €C are even and odd otherwise.
Two binary codes C and C' are equivalent if one can be obtained from
the other by permuting the coordinates. If two matrices G1 and G»
generate equivalent codes, we denote them as G1 = Ga.

The dual code C* of C is defined as Ct={z € FJ | x:-y = 2yT =
Ofor all y € C}. A code C is self-orthogonal it C C C™, and self-dual
if C = 1. All SO codes are even, but an even code is not always
self-orthogonal.

Definition 1.1: An [n, k] SO code C is called optimal if it has the
highest weight among all [r, k] SO codes.

Let N(n,k) be the number of nonequivalent optimal [n, %] SO
codes, and No(n, k) and Ni(n, k) be the number of nonequivalent
optimal [n, k] SO codes with zero coordinates and without zero
coordinates, respectively. Then N(n,k) =No(n.k) +Ni(n, k).
If the minimum distance of an optimal [n, k] SO code equal the
minimum distance of an optimal [n — 1, k] SO code, then Ng(n, k)
= N(n — 1,k), otherwise No(n,k) = 0. Thus, in the following we
usually focus on optimal SO codes without zero coordinates.

We use G, to denote the generator matrix of [2% — 1, k] simplex
code,and 1,=(1,1,--+,1)1x» and 0,=(0,0,...,0)1x, to denote the
all-ones vector and the zero vector of length n, respectively. And use
iG = (G,G,---,G) to denote the juxtaposition of i copies of G for
given matrix G.

Our main result of this correspondence is as follows.

Theorem 1.1: Suppose & > 3,5 > 1,1 <t < 2¥ — 2 and
n = (2F —1)s+t. Then, every [n, k, d] binary code C with d > 525"
and without zero coordinates is equivalent to a code with generator
matrix G = ((s — ¢(k, s, t))Gi H), where c(k, s,t) < min{s,t} is
a function of k, s and t, and H has (2% — 1)¢(k, s, 1) + t columns.

According to Theorem 1.1, the classification of [, k] optimal SO
codes can be reduced to the classification of [(2* — 1)e(k, s,t) + ¢, k]
optimal SO codes.

II. PROOF OF THEOREM 1.1

In order to prove Theorem 1.1, we need some preparation.

Let «; be the k-dimensional binary column vector representa-
tion of i for 0 < i < 2F —1,ie, a0 = (0,0,...,0)7 = 0Of,
ar=(0,0,...,1)", -+, aye, = (L,1,....,1)7. Then G =
(@1y...,aor_) is a generator matrix of [2* — 1, %] simplex code.
Using the columns of G, we construct a (2¥ — 1) x (2% — 1) matrix
Dy, where D= (5(1 = (=1)%"%))1<; jcor 4.

Letl < i,j,m < 2% —1.Foreach o, there are 257! — 1a,,,’s such
that «v; - ov,,, = 0 and 2"“71(},71’5 such that ;- v, = 1, and if ov; # v,
there are 2°72 — 1, ’s such that a; + vy, =c; + v, = 0. Thus each
row of Dy has weight 2°7*, and the distance of any two different rows
of Dy is gk—1, Hence, the rows of D, are just the nonzero vectors of
the [2¥ — 1, k] simplex code generated by G

Suppose G is a generator matrix of an [n,k] code C. If the
columns of GG have I; copies of a; for 0 < i < ok _ 1, we de-

note G as G = (loao,li1,...,lsx_ja5k_q) for short, and call
Lge = (lo,li,...,lsx_y) the complete define vector of G and
Lg = (1,12, ..., l4k_, ) the define vector of G. If the code generated

by G without zero coordinates, then L. = Lq. Let YT = D.LE,
where Y = (y1,92,...,Y2k_1). Then the nonzero weights of C are

YisY2s - o5 Yok _q-
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Lemma 2.1: If k > 3, then Dy, is invertible over the rational field
Q, and D' = —2,6%1((—1)@”;.“]‘))1<1"j<2k_1. And each row (or
column) of 2° ="' D" has 2¥~" I’sand (2"7' — 1) — I’s.

Proof: Let B, =— g7 ((—=1)""9)),<; jcor_y» a; be the ith
row of Dy, and b,,, be the mth column of F. From the above discus-
sion, it is easy to check that

1 a1 gy
~g Y= (DD

DDA S S EAa)
J

J
1 ok
— _2_L[_1 —_ (—1 + zkéi,m)]

aibm =

i m-

Hence, the Lemma holds.

Proof of Theorem 1.1: Let G = (11, -+, ok _yvok_ ) be a gen-
erator matrix of C. The nonzero weights y1,y2,...,ysr_; of C are

given by
U 1
Y2 Iy
. = Dy .
Yok lzk—L

Let z; = yi — 527", Then

Z1 l S
zZ9 ]2 S
= Dy . — Dy
Zok _q lok_y s
11 — 5
12 - S
= Dk
lzk,l -5
ie.
11 — S 1
12 — 5 1 zZ2
= Dk
k1 —s ok 1

Since z; > 0, we have

1
li—s>———(z1+22+...4 206_4)

ok—1
1 —
= _Qk—_l[(yl +y2 . Fygr_y) — 82k I(Qk _ 1)]
= — 22— s+ ) — 522 - )
= —t.

Let c(k,s,t) = —min{l; — s | 1 < i < 2¥ — 1}. Then ¢(k, 5,t) <
min{s, t}, and the conclusion follows.

Using Theorem 1.1, one can deduce the following corollary.

Corollary 2.2: Itk > 3, every [(2F — 1)s, k, s25 7] code is equiv-
alent to the SO code with generator matrix sG¥.

III. BINARY SELF-ORTHOGONAL CODES AND SYSTEMS
OF LINEAR EQUATIONS

We will use systems of liner equations to characterize SO codes of
given minimum distance, and explain how to determine the generator
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matrices of all [r2, 4] optimal SO codes, where n = 15s+¢, s > 1 and
1 < ¢t < 14. And, we will give a method of determining ¢(4, s, t) at
the end of this section.

LetC = [n, k + 1, 2m] be a SO code. From the definition of equiv-
alence of binary codes, we can assume that C has generator matrix G,

where
12m 0n72m
G = .
( X YV )

Lemma 3.1: Let C = [n, k + 1,2m] be a SO code with generator
matrix G as above, and let the codes generated by (X V), X andY
be Co, C1 and Ca, respectively. Then Cop is an [n, k] SO code, C1 and
C are even codes. And the following holds.

1) If (u | v) € Co withu € Ci and v € Ca, then w(u) < w(v).

2) d(Cl) < d(Cz) and d(CQ) > 2[%1

3) Cq is an [n — 2m, k| code.

Proof: Since C is self-orthogonal, it is obviously that Cq is an
[n, k] SO code, C, and C3 are even codes.

1) Let (u | v) € Co withu € C; and v € Cs, and w(u) = 2a and
w(v) = 2b. Then w(u 4 1am | v) = 2m — 2a + 2b > d(C) =
2m, thus w(u)< w(v).

2) If vy € Co withw(vy) = d(C.), then there is a u; € C; such that
(i | vi) € Co,and d(C1) < w(ui)< w(vi) = d(C2). Since
2d(C1) > w(uy) + w(vy) > d(C) and d(C2) is even, thus we
have d(Cz2) > 2[%].

It is obviously that 3) also holds from the discussion of 1) and 2).

Using Lemma 3.1 and the Griesmer bound, one can deduce the fol-
lowing corollary easily.

Corollary 3.2: There are no [15s45, 4, 8s+2] and [15s+12, 4, 8s+6]
SO codes.

Now, we focus our discussion on [r, 4] optimal SO codes without
zero coordinates, where n = 15s + ¢ and s,t > 1, and let C =
[n,4,2m] be such a code.

Let G be a generator matrix of C, where G,X,Y as in
Lemma 3.1. And, let X = (loao,licv1,...,lr7) and ¥ =
(rion, reqs, ..., r7aq). Then, Ly = (lo, 11, --,17) is the complete
define vectors of X, L = (I1,1l2,+--,l7) and R = (r1,72,- -+, 77) are
the define vectors of X and Y, respectively. Since G’ can be completed
determined by (Lq, R), we call (Lo, R) the define vectors of G. Let
WE=DsL” and Wy = D3;R", where Wx = (x, 2a,...,27) and
Wy = (y1,92,...,y7). Then, we change the problem of determine
G into that of determine X and Y (or (Lo, R)).

Since GL(3,2) acts double transitively on {a, - -, ar}, so, in the
following, we can assume ry > 722> 14, ¢ = 3,4,---,7,and r4 > rj,
j = 5,6,7asin [3].

Since y1 + y2 + -+ + yr = 4(n — 2m), we have the following
system of linear equations:

R" = p;7'w

y; = 0(mod2),i =1,2,---,7
2[5 <yi <n—2m
yr+y2+---+yr =4(n —2m)
> re > 1, =3,4,---,7

r4 > 71,5 =5,6,7.

(€]

For each given Wy = (y1,y2,- -, y7) satisfying y1 +y2+---+yr =
4(n —d(C)),y: = 0(mod 2) and y; > d(Cz) for1 < i < 7,suchY
exists if and only if (1) has nonnegative integer solutions. Thus, one can
easily determine all the possible Y (or I?) by the nonnegative integer
solutions of (1).
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Once R (or Y) satisfying (1) is given, from [3] and Lemma 3.1, we
know that 7; + 1; = r; + [;(mod 2),and z; < y; forl < i < 7.
Thus, Wx and Lg can be determined by the following system of linear
equations (2):

L' =D 'Wy

x; = 0(mod 2)

rit+y: >2m, 1 <i<7T

yi—x; >0,1<i <7
ri+l=rj+1j(mod2),1<i5<7
lo=2m—(lLi+---+17).

(@)

Then, X exists if and only if (2) has nonnegative integer solutions.
Thus, one can easily determine all the possible X by the nonnegative
integer solutions of (2), and determine all the possible generator matrix
G of [n, 4, 2m] optimal SO codes at last.

For given s > 1 and 1 < t < 14. Denote the set of all the
generator matrix G (determined above) of [15s + t,4] optimal SO
codes as G[15s + t, 4], and let D[15s + t,4] = {(Lo, R) | (Lo, R)
is the define vectors of G,G € G[15s + t,4]}. Then ¢(4,s,t) =
—mino<;<7,1<j<7{li — s,r; — s | (Lo, R) € D[15s + 1,4]}.

IV. CLASSIFICATION OF FOUR-DIMENSIONAL (4-D)
OPTIMAL SO CODES

In this section, we will study the classification of optimal [r, 4] SO
codes forn = 13s+t,s > landt € {1,2,6,7,8,9,13,14}. Ac-
cording to Corollary 2.2 and 3.2, and the relations among N (n, k),
No(n, k), Ni(n, k) and N(n — 1, k), we only need to give N1(n, 4).

To save space, we only explain our classification process for [15s +
1,4] OSO codes, other case can be deduced similarly. And, we use
OSO codes to represent optimal SO codes without zero coordinates in
this section.

Casel: n =15s+1,s > 1.

A [15s + 1,4] OSO code has minimum distance 8s. Using
MATLAB [8] program, one can easily check that there are
seven solutions satisfying (1) and (2), thus D[15s + 1,4] has
seven elements, denoted as (Lo;, B;) = (sls,slr) + (L, Ri),
1 < i< 7 where Ly, = (=1,1,1, —1,1,-1,—1,1) = —L,,
Liy = 0s, Ly, = (1,-1,-1,1,0,0,0,0) = —Lbs, Lo =
—Li; = (0,0,0,0,1,—1,-1,1), R, = (1,1,—1,1,—1,—1,1) for
1 <4< 3 andR, = (1,1,-1,0,0,0,0) for 4 < ¢ < 7. Thus
c(4,s,1) = 1. Accordingly, the generator matrices Gy, 1 <4 < 7,
of these 7 OSO codes are determined.

Let the define vectors of His,; be (Lo j, R) and G, ; = ((s
1)G4 H16y]')./j = 1,2,Where L0y1 = (0,2,2,0,2,0,0,2), Loyz
(1,1,...,1), R =(2,2,0,2,0,0,2). It is easy to check that G ,(;
G forl <i<2,and Gy = Gn 2 for 3 <i < 7. Thus, we have
the following theorem.

1%

Theorem 4.1: Ifn = 155+ 1,5 > 1, then N1(n, k) = 2. The two
nonequivalent [n, 4, 8s] OSO codes have generate matrices G,,1 and
G .2, their weight polynomials are 1+ 14y88 + ygs+8 and 1+ 13y85 +
29%T respectively.

Case2: n = 15s+2,s > 1.

Let the define vectors of Hi7; be (Lo,;, B1) and Hzo; = ((s —
1)G4 Hyz7;) fori = 1,2, where Lo,i and Lo as in Case 1, and
Ry = (3,1,...,1).

Let the define vectors of Hsz ; be (Lo ;, R;) for 3 < j < 9,
where Los = (2,2,....2) = Lo~ Loa = (0,3,3,2,3,2,2,1),
Los = (0,4,3,1,3,1,2,2),Loc = (0,3,3,2,3,2,3), Los =
(3,1,1,3,1,3.3.1), Los = (0.4,4,0,4,0,0,4), Ry =
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(4,4,0,2,2,2,2), Ry = (3,3,2,3,2,2,1), Rs = (4,3,1,3,1,2,2),
Re = (3,3,2,3,2,3), R = (4,4,0,4,0,0,4) = Rs = Ry.
Ifs >2,letGni = ((s — 2)G4 Hsoy) forl <1<9.

Theorem 4.2: Letn = 1554+ 2,5 > 1.

1) If s = 1, then N1(17,4) = 2. The two [17, 4, 8] OSO codes have
generate matrices H7,; and H,~ 2, and have weight polynomials
14 11y® + 4y and 1 + Ty® + 8y'°, respectively.

2) If s > 2, then Ni(n,4) = 9. The nine nonequivalent [n, 4, 85]
OSO have generate matrices G, ;, 1 < i < 9, their weight poly-
nomials are 1 + 11y% 4+ 4¢® 147y + 8¢5 T2 1+ 1195 +
4y8s+4, 1+ llyg"‘ + 4?/83-5-4’ 14+ 12?]89 + 2y&q+4 + yRs+12’
1+ 12y85 +2y85+/1 +y85+12’ 1+ 13y85 +2y85+8, 1+ 13y8_~; +
gt B2 1 14y® 4 S respectively.

Case 3: n = 155+ 6,5 > 1.

where Lo, = (1,2,2,1,2,1,1,0), R, = (2.2,1,2,1,1,
Let the define vectors of Hsso be (Lop, Rp), where Lo
(3,2,2,3,2,3,3,0), By = (3,3,2,3,2,2,3). For s > 2, let

Let the define vectors of H21 be (Lo,a, Ra) and Hse,1 = (G4 H21),
2).

Theorem 4.3: Letn = 155+ 6,s > 1.
1) If s = 1, then Ni(n,4) = 1. The [21,4,10] OSO code has
generate matrix Ho; and weight polynomial 148y '%+6y'%+5'%.
2) If s > 2, then Ni(n,4) = 2. The two nonequivalent [n, 4, 85 +
2] OSO codes have generate matrices G,,,1 and G, 2, and their
weight polynomials are 1 + 8y 72 4+ 6% ™ 4+ 4™ and 1 +
Ty*s 2 4 7yt 4 39 %0 respectively.

Case4: n = 15s4+ 7,5 > 1.

Let the define vectors of Hao,; be (Loi:, Ri) and Hsz; =
(G4 szl) 1 < ] < 6 where L01,1 = (1,2,2,1,2,1,1,0),
Lo = (0,3,3,0,3,0,0,1), Lons = (1,2,2,1,1,0,0,3),
Lova = (2,1,1,2,2,1,1,0), Lo1 5 = (2,0,2,2,2,2,0,0),Lo1,6 =
(1,2,1,2,1,2,1,0), R = (3,3,0,3,0,0,3) = Ro, R3 =
(3,3,0,2, 1,1,2) = R4, Rs = (2,2,2,2,2,2,0), B¢ =
(3,2,1, 2,1,2,1)

Let the define vectors of Hs7 ; be (Loz,j, R;) for 7 < j < 8,
where Lo27 = (3,2,2,3,2,3,3,0), Lo2s = (2,3,3,2,2,3,3,0),

= (4,4,1,4,1,1,4), Rs = (4,4,1,3,2,2,3).

Let the define vectors of Hsz,; be (Los, Ri) for 9 < [ < 12,
where Los o = (5,2,2,5,2,5,5,0), Loz, 10 = (4,3.3,4,2,5,5,0),
Losii = (3,4,3.4,3,4,5,0), Los12 = (2.4,4,4,4,4,4,0),
Rg:(00232,,)R102(r52—133—1) R11:
(5.4,3,4,3,4,3), Ri» = (4,4,4,4,4,4,2).

Let Hs2,m = (G4 | Hzrm) forl < m < 8,and G, = ((5 —
3)Gs | Hs2p)fors > 3and1 < p < 12.

Theorem 4.4: Letn = 155+ 7,5 > 1.

1) If s = 1, then N{(22,4) = 6. The six nonequivalent [22, 4, 10]
OSO codes have generate matrix Hs2 ;, 1 < ¢ < 6, and thelr
weight polynomials Was,; are 1 + Ty'® + 6y'> + y'® + y'®
14+ 7y 379" 4+ 422 14 65" 4+ 79'% + ™ + ¢'%, 1 +

65 + 6y’ + 29 + ¢, 1 + 6410 + 6412 + 241 + ¢,

145y +7y'? 4+ 39", respectively.

2) If s = 2, then N,(37,4) = 8. The eight nonequivalent [37, 4, 18]
OSO codes have generate matrices Hs7 ;, 1 < j < 8, their weight
polynomials Wiz ; are W7 ;= 144 (Was; — 1) for1 < i < 6,
and Wir r= 14 7y"® + 6y%° + 92 + ¢, Wara= 1+ Ty'* +
5y%° 4 y*2 4 2y?*, respectively.

3) If s > 3, then Ny(n,4) = 12. The twelve nonequiv-
alent [n,4,8s + 2] OSO codes have generate matrices
Gni, 1 < 1 < 12, their weight polynomials W, ; are
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Wy =14y (Wyr j—1) forl < j < 8,and 1+8y™+2 +
6U83+4 + 218341»1() 1 +81/88+2 + 02}83+4 + 1/88+8 + 218341»12
1+8U8q+2+4u8»+4+31/8»+8 1+8U8»+2+4U8»+4+3y8q+8
respectively.

Case 5: n = 155+ 8,5 > 1.

Theorem4.5: If n = 15548, > 1,then N(n,4) =N (n, k) = 1.
The only [n, 4, 8s + 4] OSO code is the juxtaposition of s-copies of
simplex codes and the [8, 4, 4] self-dual code, and has weight polyno-
mial 1 + 14y™H" 4 y%+%,

Case 6: n = 15s+ 9,5 > 1.

Let the define vectors of Hos; be (Loic, Ri.) and G, =
(G4 Hzsi), 1 < i < 4, where Lo1. = (3,0,0,3,0,3,3,0),
Lo, = (2,1,1,2,1,2,2,1), Log,. = (2,1,1,2,2,1,1,2), Loa,c =
(0,3,3,0,3,0,0,3), Ri, = Ro. = Ry, = (3,3,0,3,0,0,3),
Rs. = (3,3,2,1,1,2).

Theorem 4.6: If n = 155+ 9 and s > 1, then Ny1(n,4) = 4. The
four nonequivalent [n, 4, 85 + 4] OSO codes have generator matrices
Ghi,i, 1 < i < 4, and their weight polynomials are 1 + 14;1/85+4 +
Y80 1 g 3yBetd g Bk B2 |y o 8ebd | 38548 g
14 129%5F% 4 35% %% respectively.

Case7: n = 1554+ 13,5 > 1.
Let the define vectors of Hzs be (Lo 4, Ra) and G, = ((s —1)Gy |
Hss) fors > 1, where Log = (0,2,...,2), Ry = (2,...,2).

Theorem 4.7: If n = 158 4+ 13,s > 1, then N1(n, k) = 1. The
only [n, 4, 8s + 6] SO code has generator matrix G, and has weight
polynomial 1 4 8y®**¥6 4 79858,

Case 8: n = 155+ 14,5 > 1.

Let the define vectors of Hog; be (Lot,e, Ri.) and Haa,; =
(G4 Hyo;) for 1 < ¢ < 3, where Lor,e = (3,1,1,3,1,3,1,1),
Lo = (2,2,2,2,3,1,1,1), Loz, = (0,2,2,...,2), Ry,
Rs;. =1(3,3,1,3,1,1,3), Ro.. =(3,3,1,2,2,2,2).

Let the define vectors of Ha4, be (Lo, Ri.) for 4 < I < 3,
where Loa. = (0,4,4,2,4,2,2,4) = (0,R4.), Los. =
(0,4,4,2,3,3,3,3) = (0,Rs..). Let Gov oo = ((5 — 2)Ga Has i)
fors > 2and1 < m < 5.

Theorem 4.8: Letn = 155 4+ 14, s > 1 as follows.

1) If s = 1, then N1(n,4) = 3, the three nonequivalent [29, 4, 14]
OSO codes have generate matrix Hag 1, H29 2 and Hag 3, and
their weight polynomials are 1+ 7y'* 4 79*® + 9?2, 1 + GUM +
Ty'e 4+ 29" 1 4+ Ty 4 6¢"° + y'® + y?°, respectively.

2) If s > 2, then N1(n, 4) = 5. The five nonequivalent [n, 4, 85+ 6]
OSO codes have generator matrices G, ;, 1 < ¢ < 5, and their
weight polynomials are 1 4 Ty5T6 4 7yf«t® 4 48«4 1 4
GySot6 Tyt HS 2y B0 | 7y SeH6 gy Sets 810y
gtz g +8ysb+6 65T 4 ysb-s-m, 148y t6 4 5y5t8
2% T2 respectively.

V. CONCLUSION

We have given the complete classification of [15s + ¢, 4] optimal SO
codes for s > landt € {1,2,6,7,8,9,13,14}. Our classification
results of optimal [n, 4] SO codes for n < 40 in Section IV are con-
cordant with the results of [3]. For ¢ € {3,4,5,10,11,12} and s > 1,
the classification of [15s + ¢, 4] optimal SO codes can also be given
as in Section IV, but a little complex and lengthy, we will discuss in
another paper. The method we used in Section III can be generalized
to [, k] optimal SO codes for k& > 4.
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The Icosian Code and the E Lattice: A New 4 x 4
Space-Time Code With Nonvanishing Determinant

Jiaping Liu and A. Robert Calderbank, Fellow, IEEE

Abstract—This paper introduces a new rate-2, full-diversity space-time
code for four transmit antennas and one receive antenna. The 4 x 4 code-
word matrix consists of four 2 x 2 Alamouti blocks with entries from
Q(i, V5 ), and these blocks can be viewed as quaternions which in turn rep-
resent rotations in 23. The Alamouti blocks that appear in a codeword are
drawn from the icosian ring consisting of all linear combinations of 120
basic rotations corresponding to symmetries of the icosahedron. This alge-
braic structure is different from the Golden code, but the complex entries
are taken from a common underlying field. The minimum determinant is
bounded below by a constant that is independent of the signal constella-
tion, and the new code admits a simple decoding scheme that makes use of
a geometric correspondence between the icosian ring and the Ejs lattice.

Index Terms—Space-time codes, icosian ring, Gosset lattice F's, reduced
complexity decoding algorithms.

I. INTRODUCTION

Space-time codes improve the reliability of communication systems
over fading channels by correlating signals across different transmit
antennas. Tarokh et al. [1] developed the following two design criteria
for the high SNR regime.

¢ Rank Criterion: Maximize the minimum rank = of the difference

X — X over all distinct pairs of space—time codewords X, X ;
the space—time code achieves a diversity gain of r.
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¢ Determinant Criterion: For a given diversity r, maximize the
minimum product 6 of the nonzero singular values of the differ-

ence X; — X; over all distinct pairs of space-time codewords
Xi, X;; the product 4 determines the coding gain of the space-
time code.

The construction of space—time block codes that achieve particular
rate—diversity tradeoffs is an area of intense research activity (see
[2]-[9]), and many authors have used algebraic techniques to guarantee
full diversity (see the monograph by Viterbo and Oggier [10] con-
necting algebraic number theory to code design for Rayleigh-fading
channels). We will follow this approach to get full diversity, and in
addition, we will use the algebraic techniques to introduce a geometric
structure that simplifies decoding.

Conway and Sloane [12] connected the geometry of finite-dimen-
sional lattices with signal constellation design for the additive white
Gaussian noise channel. The lattice/coset framework provides solu-
tions to the problem of addressing the signal constellation at the en-
coder and the problem of decoding the received vector to the closest
lattice point at the decoder. We are able to simplify decoding of the
new space—time block code by associating constituent Alamouti blocks
with vectors in the Gosset lattice E's and then applying the F's decoding
algorithms developed by Conway and Sloane.

The new code is described by a4 x 4 matrix for four transmit an-
tennas and one receive antenna for the implementation of its low-com-
plexity decoding algorithm. It contains four 2 x 2 Alamouti blocks,
each of which is the quaternionic form of an icosian. The algebraic
structure of the code is similar to the Golden code [2] of Belfiore et
al. in that algebraic conjugation interchanging /5 and —+/5 appears
as the isomorphism of the Galois extension Q(i, v/5)/Q(7) used in the
construction of the Golden code. The codeword matrix takes the form

- A B
= {B K 4]
where information symbols A and B are icosians in Alamouti blocks
and A, B are the algebraic conjugates of A, B. Moreover, a “magic
L which is also an Alamouti block of an icosian will be chosen to
guarantee full diversity. A similar approach to increasing diversity by
rotation is given by Jafarkhani for his quasi-orthogonal code design [5].

The correspondence is organized as follows. Section II introduces
the icosian ring and derives some important properties. Section III gives
the construction of the new 4 X 4 Space-Time Block Code (STBC)
based on the icosian ring and establishes full diversity. Section IV de-
velops a coherent decoding scheme with reduced complexity, using
the correspondence of the icosian ring with the Es lattice. Simula-
tion results are presented in Section V and conclusions are given in
Section VI.

II. THE ICOSIAN RING AND THE LATTICE Ex

We assume a basic familiarity with quaternion algebra, including
the classical two-to-one correspondence between unit quaternions and
rotations in S(O3, and we refer readers interested in more details to
Conway and Sloane [12, pp. 52-55].

Definition 1: The double cover 21 of the icosahedral group is a mul-
tiplicative group of order 12() consisting of the quaternions

(+1,0,0,0)", %(il, +1,+1, +£1)F, %(0, +1, 40, +7)F

where («v, 3, v, 6) means a+j3i+~j+ 6k, 0 = #, T= %,and
the superscript F means that all even permutations of the coordinates

are permitted.
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