/.4 Linearized supersonic flow

Linearized perturbation 0" N 0°¢h N P 0
velocity equation x>  0y> 97

> Subsonic flow ﬁ2¢xx — ¢yy = ( = \/1 — Mgo
Elliptical partial differential equation (PDE)

> Supersonic flow Kngxx — ¢yy =0 r=vVM: -1
Hyperbolic PDE
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/.4 Linearized supersonic flow

The model: supersonic flow over a surface with a small
bump on two sides.

N — by =0 A=VM:L -1 @

The general solution of equation @ is the following:
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[.4 Linearized supersonic flow

(1) General solution to equation @ ¢ =f(x —Ay) + glx + Ay)
dy 1 |

> Let g=0, for constant ¢, x-4y=const., thus — = — =
° frxis dc N VME =

> Recalling Mach angle 4 = arcsin(1 /M) = arctan (1/ VM2, — 1)

Constant ¢ in this case means left running Mach waves.

> Let /=0, for constant ¢, x+Ay=const., .
thus M >1 o
dy -1 -1 - #=0 u/
dx }\‘ I \/Mzo _ 1 " 0 ) x MZ -1

Constant ¢ in this case means right
running Mach waves.
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/.4 Linearized supersonic flow

2u’
(2) Linearized pressure coefficient C, = — v
> Let g=0, corresponds to the upper Mach waves
/ a f/ ,
u = —_—= V
0
y = —y = —}\If | Vooe

d /
The BC at the surface tanf = Y = 4 ,
dx Voo+u QV,:VOOQ_

For small perturbations, u” < V_, and tan 8 = 6.

C,= w20 NT's 20 Pressure coefficient for

Vo A P VM2, — 1] linearized supersonic flow
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/.4 Linearized supersonic flow

(2) Linearized pressure coefficient

20 Pressure coefficient for linearized
VM2 — 1| supersonic flow
(©0)

C,=

> C, is proportional to the local inclination angle with free stream
direction

» Valid for any two-dimensional geometry
—26

> For the right running Mach wave, we have C, = VMZE — 1

» Cp is positive on compression surface and negative on expansion
surface

My > 1

» Generation of wavedrag —
for supersonic flow
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/.4 Linearized supersonic flow

> Effects of free stream Mach number
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Pressure coeflicient, C »

» Comparison between linearized
theory and oblique shock solution
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Homework: reproduce this figure
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/.4 Linearized supersonic flow

Example: Supersonic flow over wavy surface

Consider a supersonic flow with an upstream Mach number of M,. This flow

moves over a wavy wall with a contour given by y,, = h cos(2mx{), where y,, is the
ordinate of the wall. For small h, use linear theory to derive an equation for the

velocity potential and surface pressure coefficient.
Solution

Governing % 1 %
equation  ox (ML —1) o

General . \) _r(x— VML = 1y) + glx+ VME — Ty)

solution
Ve
Let g=0, $0uy) =7 (x— VML~ 1y) —t
a .
a—f = [fl (x - Wy>](_ W) % Amplitude. 7 r%
Codyw vy 1 (09 f W
BC dx _Voo_‘{x,<ay>w ; |

Waveiength
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/.4 Linearized supersonic flow

21 2TX

Thus, VMZ% — 1f (x) = Vooh<—> sin<7> at the wall

[

Vi h 2\ . ggf
f(x):\/MZ;o—l(l)sm< l ) &

Integration @ with respect to its arguments x

(x) = — o (27”) + const
)= 2 i cos\ = €)
Replacing x with (x — VM2 — 1y) Why g=0?!!

d(x,y) =f(x = VMZL - 1y)

Vi.h 27
T 1cos[l(x— VM - 1y)

+ const
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/.4 Linearized supersonic flow

Supersonic flow Yy, = /1 cos(2rx/l)

G- 2 e (Ml )] e

[ [

Vo  Voox VML 1

Subsonic flow

o’ Ax <h>|E (—2n\/l—Mioy1 (2”)
C,=-— = — — |exp COS T

V., V1 =M\ [

» No attenuation factor for supersonic flow,
the perturbation propagates to infinity ‘

» The magnitude of disturbance (¢ or Cp)is
a constant for given (x — \/m2, - 1y)

x — VMZ — ly = const. > dy= :

dx VMg -1
The lines are Mach lines.
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/.4 Linearized supersonic flow
Yy = h cos(2rx/l)

Supersonic flow

A7 iy . '2nx
ooy (o)
Subsonic flow
4 h 2
o))
VI =ML\ !
L ©), b G
4nel(BR) anel(BA)
o —
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/.4 Linearized supersonic flow

(3) Recover the Prandtl-Glauert rule

2
y,, = h COS (%)

dy _ <ﬁ>sm(2”—x> dy,
a7\ 1 2\
C

-0, = >
" dr <h) Sln(zjtx> \/MOO - % pr = M229 1
B \/Mzo _ 1 l l &

dy,,
tanf = A ~ 0 Prandtl-Glauert rule
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7.5 Critical Mach number

Linearized theory is not applicable when Meo=1. Strong nonlinear effects.

(1) Definition of Critical Mach number

Local M, = 0.435
Moo =0.300 k \ (@)
LocalM, = 0.772 )
Moo =0.500 % \
LocalM, = 1.0
M, = 0.610i f \ (c)

Critical Mach number: freestream Mach number at
which sonic flow is first encountered on the airfoil.
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7.5 Critical Mach number

(2) Calculation of Critical Mach number

—1 r/(r—1)
I + YTMzo
Assume isentropic flow, we have 2= —
Pes L 5 M;
y — 1 , r/(r—1)
5 1+—2 My,

For pressure coefficient: ¢, -

2 1
® | +———M,

When MA =1 Moo = Mcr
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7.5 Critical Mach number

(2) Calculation of Critical Mach number

> Measure or calculate C, for
incompressible flow C,,

» Use one of the compressibility
correction plot C, as a function of
M, (curve B)

—4

as a function of A (curve Q)

-2

» The intersection of the two curves
determine the critical Mach number
for a given airfoil

> Plot C

pcr

Cp cr f(‘fwcr)
Eq. (9.55)

Eqg. (9.36),
(9.39), or

0

» Curve B depends on the geometry of the airfoil.

» Curve Cis independent of the airfoil.
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7.5 Critical Mach number

(3) Drag divergence and sound barrier

MCloo > Macrﬁjﬁﬂéllﬂjj%&ﬂi)]ﬂ ' | _ —~ "7~ Sonic line where M = 1

rd
Moo= 0.65> M,
—

Cp
[ G —
Thin airfoil
Thick airfoil
. !
Thick CpO — o a b
Thin C, o — Thin airfoil = |
{ t . I
| | L
| WM )inun ! | |
|
(Mcr )thwk M Mdrag- 1 0 Moo

divergence

Drag divergence Mach no: the free stream Mach no when the drag start to rise.
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7.5 Critical Mach number

(3) Drag divergence and sound barrier

=0.65> M,

1. C,~Ma: “
@Da — c¢: Ma,, < Ma,,, C ,ApEMa, !
May1, Rel, FEEH A,
o, EXAR, EEEIN
>C 2N,

@c — d: Ma,, > Ma,,, FEERBEEX

>R > RSN (/1“\
Gc —d —e: Ma, 1, BEEKXT, C/A\
>EURT > A
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7.5 Critical Mach number

(3) Drag divergence and sound barrier

1. Cd"’Ma:

@e: Ma, 1, E FEHEBEFERXY X,
AR ESEL RainET

S EAFHESRIEINCE&ZED.
BRAOAEMa:

g: CdEJiJJ[lZ‘élJlo Ca oo

0

®g: Ma,,~>1, F FTEEEEBEEZ,
SPEITNEREKC jmaxo

®g — f: Ma,, >1, ENEEER,
Ma 1C

HNEFIERZE, RSN ARES]!

=Ps (FPS)
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7.5 Critical Mach number

_ —~ "7 ~Sonic line where M = |

(3) Increasing the M., - \

/ M>1 \

Moo = 065>Mm (:jf-_ “ﬁi:::::>

> 1.Make the wing thinner
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7.5 Critical Mach number

_ —~ "7 ~Sonic line where M = |

(3) Increasing the M., - \

/ M>1 \

Moo = 065>Mc, ( >

ho_ Y
C——O‘IS

> 2.Sweep the wing

Segment of
Y straight wing

o

Segment of
swept wing

(a)
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7.5 Critical Mach number

_ —~ "7 ~Sonic line where M = |

(3) Increasing the M., - \

/ M>1 \

> 2.Sweep the wing
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